
UNIQUENESS THEOREMS FOR THE SOLUTION OF 

THE INVERSE PROBLEM OF HEAT CONDUCTION 

V. V. F r o l o v  UDC 532.526.011:536.24.02 

Uniqueness conditions a r e  found for  the solution of the p r o b l e m  of reproduc ing  the t h e r m o -  
phys ica l  p r o p e r t i e s  of a nonl inear  heat -conduct ing med ium by means  of a known nonsta-  
t ionary  t e m p e r a t u r e  field. The r e su l t s  can be used in p r ac t i ca l  methods of de te rmin ing  the 
t he rmophys i ca l  p r o p e r t i e s  of m a t e r i a l s .  

1 ~ F O R M U L A T I O N  O F  T H E  P R O B L E M  

Let  us cons ider  a one-d imens iona l  nonsta t ionary  heat -conduct ion  p r o b l e m :  

or o or ) 
co 0 7 - -  Ox \ Ox _;  t ~  x ~  

T (x, r = T~ (x), T (x o, t) = T O (t), T (x,, t) = T, (t). 

The coeff icients  c,o and ;~ a r e  a s s u m e d  posi t ive  and, r e spec t ive ly ,  continuous and continuously d i f fe ren t i -  
able functions of T.  Making the v a r i a b l e s  d imens ion less ,  let us wr i te  the p rob l em as 

OUo__~ --4 ~0 ('~p OxOU )] = o ;  (x, ~)E7 ~, I--=(0, 1), 

u (0, ~:) = fo ('0, u (1, "0 = f, (% u (x, o) = f (x). (1)  

The boundary and init ial  functions f0, fl, f a r e  a s s u m e d  to  sa t i s fy  the f i r s t - o r d e r  compat ib i l i ty  conditions 
[1]: t he r e  exis ts  a function v(x, r) (vECL1) twice cont inuous lydi f fe ren t iab lewi th  r e s p e c t  to x and contin- 
uously  d i f ferent table  with r e s p e c t  to r such that  

v(o , -0  =lo(T), v ( 1 , - 9 =  f~(-O, v(x, o) =I (x) ,  
(2)  

lira { - ~ - - 4 ( v )  0 @(v) Ov 
�9 -o+ ~ --g~x )} = ~  xET 

The conditions l i s ted a s s u r e  the exis tence  and uniqueness of the solution,  u E C 2,/ of the p r o b l e m  (1) for  any 
pa i r  of functions (~0, r i . e . ,  a mapping P can be introduced f rom the se t  M in the c lass  C 2,1 : 

P (,p, 4) = u (x, "0; M ----- {(% 4)1(% 4) E C ~ x C~; q~ > O, 4 > 0}. (3) 

We shal l  unders tand  the solut ion of the i n v e r s e  p r o b l e m  to be any solut ion of the ope ra to r  equation (3) in 
the pa i r  (q), ~) for  a given solution u EC 2,1 :of the p r o b l e m  (1) and the conditions (2). Let us note at once the 
evident ambigui ty  of the solution (~, ~) 

P ( %  ~p)= P ( k %  1 4 ) ,  k ~ O .  

It is imposs ib le  to  e l iminate  an ambigui ty  of this  kind by some  se lec t ion  of the solution u; two solutions of 
(3) connected by the re la t ionsh ip  

=k% qo4 = qo4, (4) 
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will be called equivalent.  Let the function f(x) governing the initial  dis t r ibut ion u(x, 0) be var ied,  where in  
the compatibil i ty conditions (2) will not be spoiled (f~N). Keeping in mind the var ia t ion  of f, let us in t ro-  
duce the notation Pf for  the mapping 

P,(qo, ,) :  (f, % ,)-+u(x,  x), f~N. 

2 ~ U N I Q U E N E S S  C O N D I T I O N S  

The following t h e o r e m  express ing  the independence of the the rmophys ica l  cha rac te r i s t i c s  (?), r f rom 
the initial  d is t r ibut ion will hold. 

THEOREM 1. If (~, ~), (~0, r a re  two solutions of (3) such that for  any function f different iable  a 
sufficient number  of t imes ,  pf(~0, ~) ag rees  with Pf(~, r then (~o, "$) and (~0, r a r e  equivalent: 

= ~ , ,  ~ = ~. 

ProoL For  T ~ 0 + we have f rom (1) 

d - d f  

dx 

o r  

dx ~ ~ 
The var ia t ion  of (6) yields [# - ~(d~/df)] 

d~ d--;- +--d}- k d~ : + -Z-- ~ ~ - g -  = 0. (7) 

The re la t ionship  (7) is sat isf ied identical ly for  sufficiently smooth var ia t ions 6f. Integrating (7) with r e -  
spect  to  x between 0 and 1 and using the known D u b o i s -  Raymond lemma,  we obta in  

d4t ( d' ~2q-2~t d2' = 0 ,  fEN. 
df \ d x ]  dx ~ 

A var ia t ion  of the init ial  equality (5) yields 

d i -  dSf d ~  df 6f = ; - - - - ~  ~p 4 - - S f  + - -  

Hence, we have for 6f =- a,  in pa r t i cu la r ,  

but 

(8) 

a~ --g-, ~f" 

dx df dx = - ~  " df d~" + ' - ~  " ~  cp - -~ -  , 

; - ~  + ~ - f  - ~  

The re f o r e ,  we obtain the equali ty 

d~ - - ~ - f  - - ~ - - d ? - ~ / - - - ~ 1  = ~ d~ ~ 

Variating (9) and again using the Dubo i s -  Raymond lemma,  we a r r ive  at the new relat ionship 

(9) 

o r  

djx d~f + d~l~ = 0 
d~ dx ~ dx 2 

a~ d~_A_i +_~f_ - ~  =o. 
df dx ~ (10) 

Differentiat ing (9) with r e spec t  to  x pe rmi t s  obtaining st i l l  another  equality 

924 



which denotes toge ther  with (10) that  

dx 
If  (11) is va r ied  and we set  6f = a and 6f = b x  sueeess ive ly ,  then we can obtain the identi ty 

(11) 

i. e. ,  

d~ --=0, 
df 

= const. 

The re la t ionsh ips  (12) and (8) resUlt  in the equality # - 0. 
t ion ~ = kr has t h e r e f o r e  been  proved .  NOW (5) can be wr i t t en  as 

dx 
If  (13) is va r i ed  and we set  6f -- a and 6f = bx success ive ly ,  then we can obtain the equality 

( 1 2 )  

The f i r s t  pa r t  of the equivalence condi-  

(13) 

o r  

u(u.  d: )=o, d(  d:)= o 

2 da df +x  d ( d a  df ) = 0 ,  

where  the re la t ionship  

d{y 
- -  0, f C N, i .e. ,  a = const. 

dx 

is the consequence of the las t  t h ree  equat ions.  Finally,  turning again  to (13), we obtain 

o~---0 r 

The  equivalence of (~, r and (~o, ~L) has  the reby  been  proved.  

Let  us note that  although the conditions of T h e o r e m  I can be shown to be quite r igorous  ma thema t i c -  
ally,  they a r e  phys ica l ly  natural ,  s ince if tp, r have the meaning of phys ica l  c h a r a c t e r i s t i c s  of a medium,  
then  they should be invar iant  r e l a t ive  to the se lec t ion  of the initial  t e m p e r a t u r e  dis t r ibut ion.  T h e o r e m  ! 
e s tab l i shes  the poss ib i l i ty  of a unique (to the a c c u r a c y  of an equivalency) r eproduc t ion  of the t h e r m o p h y s i -  
cal  p r o p e r t i e s  of a med ium in the p r e s e n c e  of a suff icient ly comple te  se t  of ex te rna l  effects ,  s ince eve ry  
instantaneous dis t r ibut ion which is r ea l i zed  as a r e ac t i on  to some  ex te rna l  effects  f0, fl can be taken as the 
ini t ial  one for  al l  the subsequent  t i m e s .  The n e c e s s a r y  and sufficient condition for  uniqueness of the so lu-  
t ion  of (3) as a p rope r t y  of the t e m p e r a t u r e  field u(x, T) is p resen ted  below. T h e r e  holds the following 
theorem:  

THEOREM 2. The solut ion (~, r of the p rob l em (3) is ambiguous if and only if the field u(x, r) has 
the f o r m  u = u(z). The function z(x, r) is de te rmined  by one of the equal i t ies  

z=ax~ bx !-c or 

Here  a,  b, c, d a r e  a r b i t r a r y  cons tan ts .  

Necess i ty .  Let t he r e  be two solutions 

au a (  ou ) 
a - - ; - -  - a - s  - 

It follows from (15) that 

x + b (14) z =  - - -d .  
]/h (c --  t) 

au 

at *"--Ox-x % = O. 

= ( a .  / 
(r ax-- ~ -  \ & / ,  

(15) 

where  nei ther  (r - -  r nor  (r -- r can vanish  identical ly,  s ince it would hence follow that  (q~i, 
r and (~2, r a r e  equivalent.  

(16) 

925 



Equation (16) is converted into 

Ox 

If a new function z(u) is introdueed by the relat ionship 

(17) 

then the equation 

is easi ly obtained f rom (17). 

n 

dz =oxp(! 
du 6 

0 �9 ( , / 0 + )  : 0  
Ox 

We therefore  find that u(x, r)  should be 

u = u Is (~) x + g (~)I- 

To determine the functions a (r) and /3 (T) let us substitute (18) into (15): 

(18) 

dtt 
hX + ~ = a'.F~(u); F2 = ,~(u) -~-z (,#l --~IFa). 

It is easy to see that F 2 should depend l inear ly on z. We finally have the sys tem of equations 

& - ~  = 0, ~ - ~ ( a ~  - ~ )  = 0 (19) 

Here # and ~ a re  a r b i t r a r y  constants .  The expressions (14) for z(x, T) a re  obtained by integrat ing (19) in 
conformity with the cases  ~ = 0, ~ ~ 0. The necess i ty  is proved.  

Sufficiency. Let u = u(z). It is established by direct  substitution that (1) reduces  to 

d (  d u )  b du 
dz ~'--~-z = a ,  dz ' 

if z(x, T) cor responds  to the case ~ = 0, or to 

dz k, dz J 2~ dz 

otherwise.  In both cases the ambiguity of the solution of the problem (3) is evident. Theorem 2 is com-  
pletely proved.  

Using the equality of the corresponding Jaeobians to zero,  let us introduce quantitative c r i te r ia  
assur ing  the uniqueness of the solution of the problem (3): 

i 1 = inf.max , (x, z) E l ,  

t x + ~  a .  . + ,  a.  } i 2 = i n f  max ~z - -  + 2  - -  , a ~+[3 2 > 0 .  

By using the c r i t e r i a  ii, i 2, Theorem 2 can be formulated as follows: the problem (3) has a unique 
solution if and only if J - i 1 " i  2 > 0. 

The a s se r t i on  of Theorem 2 can be clarif ied qualitatively as follows. If the t empera tu re  field u(x, 
T) ref lects  some s y m m e t r y  proper ty  inwardly inherent to (1), then the solution of problem (3) turns out to 
be ambiguous.  It is known that the s y m m e t r y  proper t ies  of an equation a re  descr ibed in the most general  
manner  by means of t r ans fo rmat ion  group theory .  It turns  out that in the case of the heat-conduction equa- 
t ion the class of group- invar iant  solutions [2] corresponding to all  s ing le -pa ramete r  subgroups of t r a n s -  
format ions  admitted by (t) agrees  exactly with the class  of t empera tu re  fields yielding an ambiguous solu- 
t ion of the problem (3). As has been established by Ovsyannikov [2], Eq. (1) for  the a rb i t r a ry  dependences 
~o(u), ~(u) admits of a fundamental group of t ransformat ions  with a Lie a lgebra  of infinitesimal operators  
with the basis  

a a a a a 
X t = - - ~ ,  X=-- ax ' x 3 = 2 ~  0.~ + x  ax - - q  Oq 
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he re  q = ~(3u/Ox) is  the heat  flux. Let us examine  the following family  of e l ement s :  

0 a 0 
i *  (~, e) = 2 (~ + 8) ~ § (x-+- e) -~x - -  q -  

in ope ra to r  a lgebra ,  where  fi, ~ a r e  a r b i t r a r y  cons tan ts .  The following functions: 

J1 "~- z = a x  - -  b ~ d,  J~ ~ u, J3 := q (x  + b/a)  
V T + c  

can evidently be  se lec ted  as the comple te  s y s t e m  of invar ian ts  of the ope ra to r  X* .  Omitting solut ions of 
the f o r m  u(x) or  u(r) as  not being of in t e res t ,  let us a l so  cons ider  the family  

x**  (~, e) = ~x l  + ex, .  

The functions 

J 1 ~ -  z = a x  + bT -v - c, J2 = u, J3 = q 

can  be taken  as the invar ian ts  X** .  Invar ian t  solutions cor responding  to the a r b i t r a r y  opera to r  X a r e  
sought for  in the f o r m  of dependences be tween the invar ian ts  of this  ope ra to r  [2]. 

T h e r e f o r e ,  we obtain a new formula t ion  of the n e c e s s a r y  and sufficient  condition for  uniqueness of 
the p r o b l e m  (3) in t e r m s  of the group p r o p e r t i e s  of the heat conduction equation.  

THEOREM 3. The  i nve r s e  p r o b l e m  of heat  conduction has an ambiguous solut ion if and only if the 
t e m p e r a t u r e  field u(x, T) is an invar iant  solut ion cor responding  to the o n e - p a r a m e t e r  subgroup of the 
fundamental  group admi t ted  by the hea t -conduct ion  equation for  the a r b i t r a r y  dependences  ~(u), $(u). 
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